
MATHEMATICS

( Core )

Paper: MTHC4C

( Ring Theory and Linear Ngebra I I

FYll Marks: 6A

Time:2 hours

The figures in the margin indicate full marks
for the qtestions

1. (a) Ri qtru q+-f,{ rie.r ft{T I 1

Define unity in a ring.

(b) qh frsq 61qiq&< Grr<q ftnT ft c<TaK {Krcs
qh Erant ft-s G"tRi ag r 2

Give an example of a subset of a ring that
is a subgroup under addition but not a
subring.

(c) qh rfr{ qls u'ffiq qbr 6sq 1fr eut E_* r 3

Prove that a {inite integral domain is a
field.
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(d) eh Rs< efiR qiqTRs +-fl r <-$ Esr R q$-s

1 atfl eh qsft | {{T6f $-{I c{ qfr r< ffi'rq
qfr{E qfrq Eq c{rr$, cscs Rq ?EfrAi o qFF

{fr 1T GIsr{ qQqs n @T c[as, csr€ RT

BqftA n. 2+3=5

Define characteristic of a ring. Let R be a
ring with unity 1. Prove that if t has
infinite order under additiori, then the
characteristic of R is 0 and if t has order
n under addition, then the characteristic
of Ris n.

qRlt / or

Prime Ideal 9IS Maximal Ideall Is.l
ftn r r+ q$.F arrr qbr rfitztfrs- Rr th <-<r

q\3T qf+ AT .K ideal. eTT"l T-{1 G R/A ,{tl
integral domain qfr qe 6q-gq ffi a ffiR-o
e3r 5

Define Prime Ideal and Maximal Ideal.
Let R be a commutative ring with unity
and let A be an ideal of R. Then prove
tllat RIA is an integral domain if and
only if A is prime.

2. (a) "<-<r qsr R i<PrA, 2< .{bt frfirr Ri r csfr$
o -> a2 cqf\i m ffir R h qrs$ q{"setgl

;1q{t" {s] c{ \qrsi fr1tl I 1

"Let R be a commutative ring of
characteristic 2. Then the mapping
o - o2 is not a ring homomorphism irom
R to R." State True or False.
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(b)

(c)

(d)

(31

<-<I qsr R qbt qF$

n4rL t qKi fr$ dfti
q{-{lEI 1fr ern +o r

1 eis't qh qtsft r

f : Z -+n etl Rsr

Let R be a ring with unity 1. Prove that
the mapping f : Z -+ R given by n -+ n- l
is a ring homomorphisml

z @ z< ar<I z tq r+-6E1-affi Rs< T{fifl\5l
tBs<r I

Determine all ring homomorphisms from
Z@ZtoZ.

fit q€T D qfl qRZIqqi u'ffi I ${I6t <rfl ({
qh ffiE r' qrcq {'E .F qqsft uh Gffiq
efl-r$ I

Let D be an integral domain. Then prove
that there exists a field Fthat contains a
subring isomorphic to D.

qftnr / or

,gs qTs ctTT qbr Ri qr+ F rR< sK s"trE ,{tl
Rs< qqs"M IF <+ q\e$ {'s s{ qbrch
qks itE qr6q I sK qtr qrs qTrq Tfr sqlq

F{T i

Let R be a ring with unity and let g be a
ring homomorphism from R onto Swhere
S has more than one element. Prove that
S has a unity.
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(e) <fr n qq$ ct$T fri qr+ R ?<frAi 71 1o ql,
cu(s flqtq +-<t c< Rs zn< rT{fr qtT E"rRi
qrrs qrs qfr m ?<FIA] o R, csas ,re ZT

wq'ft ebr G"rRi {r.s r 4

If R is a ring with unity and the
characteristic of R is n > 0, then prove
that R contains a subring isomorphic to
Zn and if the characteristic of R is O,

then R contains a subring isomorphic
to Z.

A qfr F ?<frB p< qfi ffiq q{, 6srs FE qbr

zp{ $q-sft Erme qrm I {fr 4 o kftAir
eh ffiq q{, 6sas FE "tRH{ qfllm qwft qtT

bryqq q-5a 1 4

If F is a field of characteristic p, then F
contains a subfield isomorphicto Z o.lf F
is a field of characteristic 0, then show
that F contains a subfield isomorphic to
the rational numbers.

qfur / o,
{TT qsT n1 affiq E€l"t-{ akak_r...arao.
3ril6t T-{l fi n, 1ifi Rsrq] e.k {fr qr {frR
ao - ar * az -... (- t)k ay, 1 1 1C{ R-qqi < r

Let n be ern integer with decimal
representation, a*a* _ t. .. dtao. Prove that
n is divisible by 11 if and only if
ao - dr + a2 - '. . (- Uk a1 is divisible by 1 1 .
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3. (a) <fr s qA ?<fn-+-qe< fr6{ft{ FA-{-{ cotb, curo

flqI"r <i{r c{ sE qot qh cva-q qrc<T{< f{Frs
qifrg"f r 3

If S is a linearly dependent set of vectors,
prove that one of the vectors in S is a
linear combination of thd others.

(b) {fr v, 5 {lql{ F\ s'F\5 cs?< eH qr+ uqr+
W, 3 {MK iA G1ZSAT qH q{, CgCG ATI'I

$TI C{ UaW +{0}. 4

If Vis a vector space over F of dimension
5 and U and W xe subspaces of V of
dimension 3, prove that Un W * {O\.

qft<I / or

3{tfl q{t GT n {tqt{ FK s,r<\5 qfi qqI-IT&T

ce?< €F{ iA (n + 1) TI ET-\g-A$ sk+ cs?< eH{
sffiI caft ?{lt$-qr< fr6<ft-q r

Prove that each set of (n + 1) or more
vectors of a finite-dimensional vector
space l/ over F dimension n is linearly
dependent.

(c) c3< qFr< && ftd-sq q$ I {&
{u1, u2,"',um} 91-S {tu1, ll)2t"'ta;r} SCVttt

F CSq< \e+Ks Cf{ ql;I IA ffi qq, CsCg

Sil"l S?il 6 m= n. 4

lf {u1, u2,.-.,u*} andlruy u)2,"',tun} ate
both bases of a vector space Vover a field
fl then prove t}:at m = n.
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qfuT / o,
qfr u qh qq{-rTftT ce?< eH rz< qtt q0T

b"rqH E{, cscg fit*<t fi r {]qI tz{ xt;{T,537

TI'I
If U is a proper subspqce of a finite-
dimensional vecton space V, show that
the dimension of U is less. than the
dimension of V.

4. (a) tr\ s'F\o yqt:p w cs?{ qw{ <lCT .4TT qrs

w {flrs< c(BtRs T-<l I L+l=2

Define identity and zero transformations
for the vector spaces V ar.d Wov-er F.

(b) csE{ qH-{ kRr+ q"ns-fi qiBT frfl I cqls<l\eT

cq cqfti T:(qbl-+(a+2,b+3) R2a efl<s

IA f{Rs {flrs-{ Tqq I 1+3=4

Define linear transformation of a vector
space. Show that the mapping
T : (q bl -+ (a+2, b + 3) of V over R.2 into

itself is not a linear transformation.

(c) r heq v< ffit ufq eh ?qR-r mflrs< I sm'l

+-fl c{ ?E qK'rffi vr qR?n I,[A ,{h t"rqr+ r

Let lbe a linear transformation from Vto
W. Prove that the image of Vunder Iis a
subspace of W.
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tRn / or

w Rs$ r eh cs?< qt{ v< Bqfu+ qflrs{r

eTI'l T-fl fi {ue Vlf@l =0}, fi +'fc-fi, iA
qfi b'rqTa r

Let I be a linear transformation of a
vector space V. Prove that
lueVlT(u)=O), the Kernel rcf T, is a
subspace of 7.

(d,) {TI RsT v qrs w cs?{ qFI, ql+ T:v -+ w
Bqfr+ r <fr v qq{-I.tfrT q{, cs(€ zFtt't r-fl
6{,

nullity (7) + rank (Q = dim (V) 
,

Let V and W be vector spaces, and let
T:V -+ W be linear. If V is Iinite-
dimensional then prove that

nullity (7) + rank (7) = dim (V)

qRfl / or

w qs$ y qrs w (gfi u5 qK T:V -+ \4/

kft+ r aqn T-<t c< r q$-qr {ft qr {ftr-q

7,4 IA f{i-ssrz< ?Tq-{ cl-caffiq11 wq

i{Fr$qz< tQ-+ b"reontqT< s'Fts qlrs r

Let V and W be vector spaces and
T:V -> W be linear. Prove that ? is
one-one if and only if ? carries linearly
independent subsets of I/ onto linearly
independent subsets of W.

-bi* 
-.!'
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(e) {fl Es+ 0 qr+ y qrc{ R2 q-q R.s< fl-r<

${tfE-f cq<q ffi r csrg ?: tR2 -+ R.3 {tcs
T(ar, a) = Qd, - a2, 3a1+4a2, a1)

qKI ciETR\5 kR.+ qrrs{ ?: R.2 -+ R3< T[r<

cq&q bflqt"F +-<t r

Let 0 and y be the standard ordered
bases for iR.2 and IR 

3 respectlvely, then
for the linear transformation ?: lR 

2 
-+ R3

defined by

T{ar, a) = Qa, - a2, 3a1+4a2, a1)

compute the matrix representation.
qqlt / or

{{I q€T Y q-s W qh F 6s.4='{ s6e- 6sftq
EI{, qls T, [I: V -+ W kfi.$ I e{I6t +TI (q

Let Tand I,{/'be vector spaces over a field
4 and let T, U: V -s W be linear. prove
that

ft) {S-a{I a€ F,aT +Ui TlZ< kkf;
for all ae F,aT +U is linear;

(tt) rA orfl ffi q-q6 Eqft-+ m'll-s-fi qurq

trK \e'f<\5 ,{h 6s& qI{ 
r

the collection of all linear
transformations from V to W is a
vector space over F.

***
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