——
“\( Y* g

Total No. of Printed Pages—8

%

i

4 SEM FYUGP MTHC4B

./,

2025

( June )

MATHEMATICS
{ Core j

L4

Paper : MTHC4B

( Riemann Integration and Series of Functions )

Full Marks : 60

Time : 2 hours

The figures in the margin indicate full marks
for the questions

1. (@) [a b]; a, be R3 o ~Aiftea sice i | 1

Define a tagged partition of
[a, bl; a, be R.

(b) [a, b|'® NE 91 @B FAT £ I 461 “AE0
[a, |3 STeees N =% S Wi e o1 2

Define the upper and lower sums of
a function f bounded on [a, b] with
respect to a partition of [a, b].

P25/1502 ( Turn Over )



(2)

(c) T [0, 1] f B 457 TR Fo) =W :
N P={O, =S5 1}, [0, 1]9 @B

A =, @@ L(f, P) &= U(f, P) A
0 ' 4

If Pis a partition of [0, 1] given by
P={0, l’ l? l’ §’ i’ 1}.
4 820 4§
and f is a strictly increasing function
on [0, 1], then find L (f, P)and U(f, P).

(d I Ve>0,[a bjT Turm 4B T f @
fAarre w6
U(f, P)-L(f, P)<¢
P 3 IC P, [a, b|T ¢F AA, (o
S @ f, [a, b]'S SeRwaE 29 | 4

If Ve>0, 3 a bounded function f
on [a, b] satisfying U(f, P)-L(f, P)<e,
where P is a partition of [a, b], then
show that fis integrable on [a, b].

(e) Tl =C= (Given)
[0, xeR-Q
ﬂﬂ—L’er
f AR = T2, Y[ e 4

investigate whether f is integrable or
not.
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(YA @ T AR Folel el 12 |

Establish that all bounded functions are
not integrable.

() @S @ M [a, S f 9B Ty Fow [
v SeReaE, o ¥ [a, bj© I|WH
e 29 | 4

Establish that Darboux’s integrability
of a bounded function fon [a, b]implies
Riemann integrability of that function
on [a, bl

%<1 / Or

Y9 @ (Show that)

X

F(9=[fgdx; xela, bl

a
[a, B|® SWRfem =& I f, xela, b|©
AR =, (307 F Saaeay 27 e (ofe
[f=F'%7q1
is continuous on [a, b] and if f is
continuous on x€]a, b}, then F is
differentiable and f=F".
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2. (@) TR R @A PR TR *Fwl 570 2x2=4

Examine the convergence of any two of
the following :

mf

2™

wj

1+x

(i) [ sinx?®dx

(b) oS
Show that
a
- dx b
i | —
0(@" -x")n nsin=
n
ey B
(i) (n) [e ¥yt ay 2+2=4
& 0
() e @
Show that
r
Bim, ) = L0 3
I'm+n)
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3. (a) IR TR TFWN REgs S iom e
il 1

Define pointwise convergence of a
sequence of functions on R.

(b) T9& =C® (Given)

f:41,2,3 - R 3
fnlk)=n(modk); k=1, 2,3

TS n{modk), kI n @ /I FRE = 9 |
m{emq(fn)ﬁma SfesTR 727 | 2

where n(modk) is the remainder when
n divides k. Show that (f,) does not
converge pointwise.

(c) =@ R e vifabR T far 4x4=16

Answer any four of the following :

() 3 £, (0 = x2e™™ =W, (B GYSA @
(f,,), [0, 9™ SIfEFeIE@ O (& S
EEl
If fn(x)=xze""x, then show that

the sequence (f,} converges
uniformly to O on [0, 9.

@ (f,) S&FH™ I@IhH e
SEEH 6 R e ww, T©
i X->R; XcR.
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State and prove Cauchy’s criterion
of uniform convergence for the
sequence (f,), where

fa: X>R; XcR

(i) TR @ v W EEe
wfefIoR @EFEHT M-CG8CO! Tras 30
¥ WA M (e @ @R A
S SR

Zr cosnt; O<r<l

n=1%

State  Weierstrass  M-test  for
absolute and uniform convergence
of a series of functions and hence
show that the series

Er”cosnt; O<r<l

converges uniformly.

(iv) (4SA @ o9 CAICH B @ TSI
[a, b]™® FHNAFSIE SR
Show that the following series is

uniformly convergent on any
interval [a, D] :

2 e ok

1+nx )
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(v) I (f,) TEGFEE & XTI @IS
TR W, IS f, : XCcRoR I=F
f, @3 acX© TRMRE =W, (o3
(T @ f, ae X © SRR 27 |

If (f,), where f,:XcR->R
converges uniformly on X to f and
fa’s are continuous at a€ X, then
show that f is continuous ata e X.

4. (a) ’[W@%ian(x—a)”ﬁfn; n=0. 10 .

n=0

FE SN R Borg awr 40 1 |

Express the power series 2 a, (x-a"
n=0

in the form of an infinite series of

funcoens |- n=0,1 2 -+

(b) % ian(x—a)”ﬁwélﬁﬁ?@?ﬂ@ﬁ

n=0

e

MR R @ 991 q0® — =lim |2+ 3

=
R

n |
For the power series Y a,(x-a)"
= n=0

determine an extended real number R

An+1
an

such that —1— =1lim
R
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¢ I <GP @ Zanx a)" ftvs e

n=0
THANEFSI f@f SRR =W, (yeT @ f,
(-R, R)® #fiftest 23, TS R; 0 <R < oo,
BT RYS IR A0 | 3

If a power series Z a, (x-a)" converges

n=0 =
absolutely and uniformly to a function f
show that there exists an extended real
number R;0<R<« such that f is
continuous on (-R, R).

(d) WCFI A @ Tewy $R, T|WROTREE

n+1

e @ P @ z(-. ==
TGP SR | 4

State Abel’s limit theorem and use it
to show that the power series

Ser

is uniformly convergent.

n+1

n+l

* K &
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